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I. INTRODUCTION 
The thin magnetic film, with uniaxial anisotropy, has 
been investigated quite extensively in regard to its appli­
cations in electronic devices at frequencies up to 100 mc. 
Extensive work has also been carried out in the applications 
of ferrites and garnets in the X band range. The frequency 
ranges, such as L band, are becoming more important and 
their use in communications is being investigated. One of 
the main problems is the construction of devices that per­
form efficiently in this frequency range. 
The primary purpose of this investigation is to study the 
adaptibility of thin magnetic films and thin disks of yttrium 
iron garnet, YIG, to this frequency range. The devices select­
ed for this investigation were the harmonic generator and the 
parametric amplifier. The harmonic generator utilizes the 
non-linear properties of the magnetic material. If the mag­
netic material is biased along its easy or preferred axis of 
magnetization and if a magnetic field is applied perpendicular 
to the easy axis at a frequency corresponding to the resonant 
frequency for the particular bias, the magnetization vector 
will precess at a relatively large angle about the easy axis 
resulting in the generation of the harmonics of the applied 
field. The larger the applied field the greater the magnitude 
2 
of the harmonic terms until saturation effects start limiting 
the output. 
In the parametric amplifier a field called the pump, field 
is applied along the easy or preferred axis of the magnetic 
material. A dc bias is also applied along this direction. A 
field called the signal field is applied perpendicular to the 
bias direction. The signal field interacts with the pump 
field causing the generation of fields at the sum and differ­
ence of the frequencies of two fields and also fields at 
n<*> + cO where is the pump field and is the signal field, p — s p s ° 
If the field corresponding to the difference between the pump 
and the signal field interacts with the pump field the differ­
ence is again generated which corresponds to the signal field 
and makes amplification of the signal field possible. 
A general equation of motion based on the gyromagnetic 
properties of the electron can be developed for a magnetic 
material. If a dc magnetic field is applied to a free elec­
tron, this field will create a perpendicular torque which will 
cause the electron to precess about the field. If the elec­
trons are all aligned so that their magnetic moments add they 
can be represented by a total magnetization vector M which 
precesses about its axis. 
In the equation of motion the precession angle is assumed 
to be small and the magnetization vector is assumed to precess 
in a very flat ellipsoid in the plane of the magnetic material 
3 
because of the shape of the sample. If the magnetic material 
is in the shape of a flat disk with the diameter of the disk 
very much greater than the thickness of the material, strong 
magnetic fields called demagnetizing fields will be present 
perpendicular to the plane of the material and will essentially 
constrain the magnetization vector to lie in the plane of the 
material. 
Magnetic crystals have preferred orientations, that is, 
there is an axis in the crystal about which the magnetization 
tends to align. This is also true in the case of the highly 
polycrystalline thin films of permalloy because of long range 
ordering. The reason for the geometric shape of the material 
is to reduce the bias necessary for the complete magnetization 
of the material. 
If an rf field is applied perpendicular to the axis of 
the magnetization vector it will modulate its precession. For 
a certain value of bias the precessional motion will coincide 
with the motion due to the rf field resulting in a large pre­
cessional angle and a maximum amount of energy being absorbed 
from the rf field by the magnetic material. 
In the analysis to follow the general equation of motion 
will be solved analytically and the calculated results com­
pared with the experimental. 
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II. HARMONIC RELATIONSHIP USING THE , 
LANDAU LIFSHITZ EQUATION 
In this section the Landau Lifshitz equation of motion 
will be solved in terms of the susceptibility tensor X and 
the relationship between second harmonic components and the 
applied field will be derived. In the literature the sus­
ceptibility tensor is usually derived using the cgs system of 
units instead of the rationalized mks system. The cgs system 
of units will be used in this section to coincide with the 
general literature. 
Referring to Figure IB, the undamped equation of motion 
of the spinning electron of angular momentum J and magnetic 
moment per unit volume M in a magnetic field is 
<!> 
where T is the torque exerted by the magnetic field. The 
torque T is related to the magnetic moment by 
T = M X H (2) 
where H is the magnetic field. Also the angular momentum J 
is given by 
(3) 
where y is the magne tome chani cal ratio equal to -ge/2mc, g 
being the Lande g factor, e the absolute value of the charge, 
5 
m the mass of the electron, and c the velocity of light. 
Hence 
H = Y M X H (4) 
The magnetic field H is the vector sum of all magnetic 
fields seen by the spinning electron. It is necessary in 
ferromagnetic-resonance experiments to apply an rf magnetic 
field perpendicular to the dc field. Let 
H = H. + (5) 
where H^ is the vector sum of the dc magnetic fields within 
the material including the applied dc field H . The second 
term is the rf field term whose time dépendance is e^"^. 
The condition for resonance is that the driving frequency 
oJ equal the natural precession frequency uJ . This fact will 
be shown in the following mathematical derivation. At reso­
nance the oscillating component of torque will be in phase 
with the precessional motion of the magnetic dipole caused 
by the constant magnetic field of the steady state condition. 
The amplitude of the precession will grow causing energy to 
be absorbed by the electron from the applied field. Energy 
will be absorbed by the electrons at uj £ cuq but the maximum 
energy is absorbed when uJ = . The amplitude of precession 
is limited by damping which will be discussed later. 
Figure 1A. The schematic representation of a thin 
magnetized disk of magnetic material 
illustrating the coordinate system and 
applied magnetic fields used in the 
accompanying analysis 
Figure IB. The schematic representation of the 
spinning electron under the influence 
of a bias field 
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The magnetization can be represented by 
M = M0 + ^  e3at + E2 ej2wt + ••• + (6) 
where is the steady state dc magnetization at a temperature 
below the Nee'l temperature. It is assumed that H>> h and 
M » in. It is also assumed that FL and M lie in the Z 
o oo
direction where Hq is the dc applied field. 
In the preliminary derivation of the susceptibility 
tensor it will be assumed that the medium is infinite in 
extent and that the anisotropy component of hL is zero. The 
demagnetization and anisotropy terms will be added later. 
Therefore, for now let PL = Hq. Considering that 
V(M0 X H0) = 0 (7) 
and substituting equations 5» 6, and 7 into equation 4 and 
simplifying results in 
>mx = Y(myH0 ' MoV 
>my = v(M0hx - mxH0) 
J2AMZ = Y(MXHY - myhx) . (8) 
In the first two equations of 8 the products of m h and m h y z x y 
have been neglected as small in comparison to the other terms. 
The first two equations of 8 can be solved for mx and m 
as 
mx = 
v'Wx - j"Y"ohy. 
Y2 H2 - oJ2 
o 
y\Hohy + >,Y"ohx 
m = 
Y^o (9) 
It can be seen that the magnetization vector m has a 
singularity when 
YH0 = % (10) 
Equation 9 can be written as 
7(a-0hx -j«hy)Mo 
m = 
x 2 2 
V"0(%hy + 
m = 
y .,2 _ .,2 
o (11) 
The susceptibility tensor X is defined, by the relation 
4nm = X • h (12) 
From equation 9 it is seen that 
X = 
~ 2 = \v 
10 
X. 
yx 2 2 
*0 ~w 
= - X 
(13) 
where the substitution has been made that 
An alteration must be made in the tensor components to 
take losses into consideration. A loss term must exist in 
order to prevent the precessional motion from increasing 
without limit at resonance. The magnetic loss mechanisms 
contributing to the damping term are not completely under­
stood. The loss is usually represented phenomenologically 
in the equations of motion. 
The Landau Lifshitz form of the equation of motion will 
be used in this derivation. In this derivation it is assumed 
that the magnitude of M is a constant of the motion. The 
Landau Lifshitz equation of motion (12) is 
where A is a damping factor having dimensions of frequency 
and is called the relaxation frequency. Equation 15 can be 
rearranged in the form (9) 
(15) 
i-v (M X H) - X (M X H)J (16) 
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where ^  = A, . The factor a is known as the phenomenological 
M M 
damping constant. Taking the cross product of M with equation 
2 16 and neglecting the terms in a results in 
M = Y(M X H) - g (M X M) (1?) 
where ^  is represented by M. 
Following the same procedure as used in the undamped case 
jam = Y(Mq X h) - y(Hi X m) - j^(MQ X m) = 
Y(%o % h) + (a/ + ^ ) (E x 1%) (18) 
where a = and ±z is the unit vector in the z direction. 
The only difference between equation 18 and the equation of 
the undamped case is that now 
+ T ' YHi (19) 
If ojq + ^  is substituted for in the components of the 
susceptibility tensor for the undamped case the components 
for the damped case become 
H + tH 
Xyx = " *xy = — 
(<* + i) -0 T T; (20) 
12 
The susceptibility tensor components can be separated 
into real and imaginary parts and represented as 
%cx - ^x - J Xcx 
^xy ~ ^xy ~ ^ *xy (21) 
From equation 20 these components become 
I % " + ^2_j 
XX 
R - 7] +  4  ^  T 
Xxx = r1 
+
"
2  +  ? ]  
[4 + 4 7 
X 
- "m%^T 
xy 
[4 -^2] + 4 ^</ 
"m10 
J. - w2 -O rp2 ] 
[ 2 2 1 "|2+ 4"o % - 7 J + — ( 2 2 )  
The components X and X are dispersive terms while the 
xx xy 
13 
h M 
Xxx and. X components represent dissipative terms. 
The magnetic susceptibility has been solved for an 
infinite medium. To account for a finite sample charge it 
would be necessary to solve an electromagnetic boundary value 
problem. If the sample size is small compared with a wave­
length as it is for frequencies considered in this disserta­
tion, the magnetic field inside the sample can be assumed to 
have uniform intensity but unequal to the field outside the 
sample. It is very difficult to determine the magnetic field 
inside an arbitrarily shaped sample. However, the problem 
has been worked out for a general ellipsoid and its limiting 
forms. The results are expressed in terms of demagnetizing 
factors. The internal field is given by H^ = Hq - 4TTN • M 
where 4nN • M is an opposing internal field due to the pre­
sence of dipoles on the sample surface. The N's satisfy the 
condition 
+ Ny + ^  = 1 (23) 
For a very thin slab the value of the component of N 
perpendicular to the surface of the slab is equal approxi­
mately to 1 and the other components of N are equal to zero. 
Taking into consideration both damping and demagnetiza­
tion equation 8 now becomes 
4TT>>mx = - (hy - yrrmy) + my 4rr (*>q - + j) 
14 
4nJ"my = "m (hx - W - mx4n("o - + T> 
j2ti>mz = y £ W " mxhy + mxmy4Tr (Nx ' V J (24) 
From the first two equations of equation 24 m and m can be 
x y 
obtained as 
4nmx = 
-^
hy + "mhx K + "mV 
OJ„ 
(25) 
4rtm = 
y 
^%hx + ^mhy (% + <Vy + T> 
» 2-" 2-^¥ % + 
(Nx + V ^ m"1 
2 
where 
w = [.0 + (Nx - Nz) <vm] [to0 + (Ny - Nz) (26) 
The real and imaginary parts of the components of the 
susceptibility tensor can now be written as 
Cc^io^ - to2 + -Tjj) (^ + 
m r wmV + ^ [^+(V"NyK] 
XX 
(
"r ""2 " ^ )2 + ^  b< X 2 y)A,m] 
"f [<"r+^ + ^  +"m(Hy'Nx) 'V^mV] 
XX 
'"r - "2 - 2 + 7 ["o + (— 
N„ + N 
Z
' - m ]  
it m 
= 
15 
N + N [-. + <v] 
^m (^ r ~*>2 " ~ )^ 
(27) 
The components of % are the same as the components of ~X yy xx 
except Nx is substituted for N . 
If for a thin disk a dc magnetic field is applied 
parallel to the flat surface and in the z direction as shown 
in Figure 1A the results are 
N = N = 0 
x z 
Ny = 1 
l 1 
= & (" 0  +*VH 2  = yC b 0H 0J2 
or fr = à CHo (Ho + (28) 
where Bq is the saturation value of the magnetic induction at 
the operating temperature of the magnetic material. 
Suppose to the flat disk an essentially linear driving 
field h is applied in the y direction. The bias field 
16 
direction is along the easy or preferred axis of magnetiza­
tion. Therefore, the applied magnetic field is perpendicular 
to the easy axis. The third equation of equation 2k now 
becomes 
d(m"2) 
-5Î-* = <A2)z = Y(mxhy + 4n mxmyHx) ^ 
where the time dependence of (nujg is e or the term is 
at a frequency of twice the applied frequency. This second 
harmonic component of rf magnetization at resonance can be 
written as 
w - A  - Y ( 1  +  " * > '  V y  O o )  
Substituting for the susceptibility tensor components and 
II 
noting on resonance yy 1 equation 30 can be written as 
II II o 
VN * X YT 
^ 2> z- x  y 
Y»{n[2ij2 + ^  + "m [^B("o + hy 
^ ' 
wo +^> 2] 
'
t^2[2,j2 + ^  + In471 + ["0 + hy 
[? + 4( tio +T)2] "v I (31) 
17 
The terms can be neglected as small in comparison to the 
T 
rest of the terms. Therefore 
2 Y^Th. y_ 
^n(mJ = 
2 Z Z X ^ 
V +^vi + <^m 
64 b  /  (32 )  
For the infinite meduim case the value of 4TT ( m2 ) Z would be 
YVhy 
which is smaller than for the case considered here. In fact 
the thin disk geometry represents the optimum shape for 
'T' 
harmonic generation. The factor m is called the intrinsic 
2 
figure of merit (13) for frequency doubling. 
It can be seen from equation 32 that the second harmonic 
component is proportional to the square of the driving field. 
Hence the second harmonic power would be proportional to the 
square of the input power. 
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III. SOLUTION OF THE GENERAL EQUATION OF 
MOTION FOR THE PARAMETRIC AMPLIFIER 
Equation 16 of part I can be written as 
M = yT + ^  M X T 
(33) 
The torque T and the magnetization M can be represented in 
spherical coordinates as 
T = Tr ar + T9 a9 + T0 a0 
M = M a (34) 
where â^, âQ, and a^ are the unit vectors in the r, 6, and 0 
directions respectively as shown in Figure 1A. The solution 
of the cross product of M and T is 
M X T = M O O  
Tr Te T0 
= - nT0 a6 + MTe a0 
(35) 
Since the value of M is assumed constant M can be written as 
- h _ da 
M = fç (Har) = M (36) 
da. 
The expression for is given by 
dar £fr dr + d^r d6 + <5ar d£ 
dt 2r dt <5 9 dt ~dJ dt 
= 0 + ag 0 + &0 sine 0 (37) 
19 
Substituting equation 37 into equation 36 the result is 
• • • 
M = M 6 aQ + M sin6 0 a^ 
Substituting equations 3^, 35» 36, and 38 into equation 
33 and equating vectors of like direction results in 
«ê = Y?e + f (39) 
in the aQ direction and 
M sine 0 = yT0 + Jp MTq (4o) 
in the a^ direction. 
The force on a system of electrons can be represented 
by 
F = - VE (41) 
where E is the total energy of the system. The torque on the 
system is 
T = r X F = - r X V E  ( 4 2 )  
where r is the radius vector in the direction of M. Taking 
the gradient of E, using spherical coordinates, the torque 
becomes 
T = 
"
rX [If ar + r If a0 + r sine If atf] (43) 
20 
where r = r a^. 
Performing the cross product the expression for torque 
becomes 
rn _ _1 5E - 9E -
sine 5F 0 " 56 0 (44) 
Substituting for the components of T in equations 39 and 40 
results in 
Me = ïïiïïê S + aY H 
M sine 0 = - Y H + (45) 
Referring to Figure 1A it can be seen that 
0 = 5 -4* (46) 
Making a change of variable from 0 to p results in 
= -zJ- 23. + ya |E 
cosp 30 (47) 
ri = l£E + ya dE M COS0 0 = -4r— 
r dp cosp 30 
The free energy of the system may be represented as 
E 
-
K sln2e + 4 ^  - %p 5 (48) 
where the first term is the anisotropy term, the second term 
21 
is due to demagnetizing forces, and the third term is due to 
the interaction of the magnetization vector M with the applied 
field. The angle B is the angle between the easy axis and 
the magnetization vector M. Referring to Figure 1A it is 
seen that 3 can be expressed in terms ofp and 0 resulting in 
sin^g = sin^2> + cos^> sin20 (49) 
Referring again to Figure 1A it is seen that 
M = Hcosp cos0 
My = Mcos^- sin0 (50) 
Therefore 
^app ^  = MHz cosfi cos0 + MHy cos^ sin0 (51) 
The expression for the energy can now be written as 
? p p p M P 
E = K(sin> + cos sin 0) + -x— sin> 
(52) 
- MHz cos^ cos0 - MHy cos^ sin0 
It may be noted that the energy terms due to exchange forces, 
displacement and conduction currents, and also magnetostric­
tion were neglected in the energy expression. These terms 
are considered negligible for the case considered. 
Equation 52 can now be differentiated with respect to 
and after a slight simplification becomes 
22 
= Ms in/' j^jjp cos2# cos^f + j-p cos^ 
+ Hz cos# + H^sin# J 
If equation 52 is now differentiated with respect to 0 and 
simplified the result is 
|| = Mcosf sin# cos^ + H^sin# - Hy cos# J ^4) 
Substituting equation 53 and 54 into equation 4? gives 
= -yM sin# cos# cos// + H^sin# - Hy cos# J + yaMsin^ 
cos2# cos^ cos^ + H^cos# + H^sin#J 
Mcos/^# = yMsinjZS» cos2# cos^fr + cosy2f + Hzcos#+HySin#j 
+ yaM sin# cos# cos^ + H^sin# - Hycos#J 
(55) 
For the particular geometry considered here and for the 
materials considered 
^ % Hz' and Hy 
cos^ - 1 
siny = fi (56) 
23 
Making use of these facts equation 55 becomes 
ft - -Y sin# cos# + Hzsin# - H^cos# - a 
0 = y[^+ a ( ~ sin# cos# + H^sin# - Hycos# ) J ^7) 
To simplify equation 57 let 
F = £§ sin# cos# + H^sin# - Hycos# = ^  || (5g) 
Equation 57 may now be written as 
0 = -yF + ayMp 
|i 
0 = YaP + m 
(59) 
Equation 59 agrees with the expressions obtained by Pohm 
and Olson (16) and Gillette and Oshima (10). 
Equation 59 can now be differentiated with respect to 
time giving 
0 = YaF + fp = v[M + „è] s 1$ 
M0 (60) 
M 
since — and it is assumed that^ is of the same order of 
^o 
magnitude as #. If the second equation of equation 59 is now 
multiplied by -a and added to the first equation of equation 
24 
59 the result is 
/2> - a# = -yP (1 + a^) = -yF (61) 
Therefore 
p = a0 - yF ( 62 )  
Substituting equation 62 into equation 60 gives 
0 = Y (~Y~ + aF + # ) 
'o o 
(63) 
Equation 63 agrees with the expression obtained by D. 0. 
Smith (23). 
If the term yaF is considered negligible with respect 
to the rest of the terms in equation 63 the resulting 
expression can be written as 
If it is assumed that the angle 0 is always small the 
approximations sin# = 0 and cos# = 1 can be made. 
Considering these approximations equation 64 becomes 
Equation 65 is the general equation of motion. This equation 
(65) 
25 
will now be solved using different methods to obtain an 
expression for 0. 
A. Solution by Use of a Mathieu Equation 
The applied magnetic field in the z direction is com­
posed of a dc bias component H g and a pump field H cos<y t. 
CO t 
A change of variable will now be made from —^ to T  .  
Making this substitution equation 65 becomes 
0 (7) - ^12 0(f) + iH| F M + H + H cos?/l 0(?) 
L » " P J 
= H (7) ( ) (66) 
y y« 
For simplicity equation 66 will be written as 
0 + Zk0 + (B + C cos27) 0 = KH 
where 
A = . SIÎÎ 
- s * " , -
4y2MH 
c = 
^ 
K  
= (68)  
wo"p 
26 
To convert equation 67 to the form of a Mathieu equation let 
0 = ye~kf 
Making this substitution equation 67 becomes 
Y + [B-A2 + C cos2f|y = KHy(7)eA<7" (69) 
Now let 
a = B - A2 
-2q = C 
Equation 69 then becomes 
y + (a - 2q cos2f)y = KHy(f)eA7 
Equation 70 is in the form of a Mathieu equation with a 
driving function. Considering the homogeneous part of 
equation 7-0 gives 
y + (a - 2q cos2f)y = 0 (71) 
Equation 71 is a particular case of a linear type of 
equation of second order with a periodic coefficient. Its 
solutions take on different forms according to the values of 
a and q. The values of a and q also determine the stability 
27 
of the solution of the equation. Figure 2 is a graph of a 
versus q showing the regions of stable and unstable solutions. 
This graph, as described in detail by McLachlan (15) comes 
about by equating a to a function of q with a running index 
m. The curves themselves give values of a and q which result 
in periodic solutions of the homogeneous Mathieu equation 
and these solutions are called Mathieu functions of a certain 
order m. In between these curves lie the regions of stability 
or instability which give solutions of fractional order and 
are represented by a periodic type solution multiplied by a 
complex exponential. The most general type of solution of 
the second order equation considered is of the form 
where n may be real, imaginary or complex. If the C * s are 
considered to be complex, |_i can be considered real or 
imaginary but not complex. The choice of whether p is real 
or imaginary is determined by where on the stability chart 
the point a q lies. A and B in equation 72 are arbitrary 
constants determined by the initial conditions. 
If equation 72 is substituted into equation 71 and coef­
ficients of like terms in f equated, the following recurrence 
results 
n = -<x> n = - co (72) 
Figure 2. Stability chart for the Mathieu equation 
^y + (a - 2q cos#)y = 0 (15, p. 40) 
29 
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[a - (n + B) 2 ]c n  - q (Cn+2 - Cn_2) = 0 (73) 
If the functions are periodic in 2TT, as the ones con­
sidered in this dissertation are, then n may be replaced by 
2r + 1. If the solutions lie in the stable regions of the 
stability chart then i_i = jg. Equation 72 then becomes 
y(7) = A y C2r+1ei<2r+^ >7+B y C2r+ie-0(2r+l+S)r 
r = -oo r = -
(74) 
Equation 74 represents then two linearly homogeneous solutions 
to equation 71. The two solutions are 
nM - V =2r+iej(2r+1+S)7 
r — —co 
- Y_ WJ(2rtl+a" 
r = -co (75) 
It can be seen from equation 75 that y2(7) = y-^(-f). 
Since equation 74 is the solution of equation 71 for the 
stable region y (f ) -»0 as T-*00. The solution of equation 70 
for steady state conditions will be given by the particular 
31 
solution. To obtain the particular solution a variation of 
parameter method is used. This method is given in the 
Appendix. 
The steady state solution of equation 70 is 
rr y?M r 
y ( T )  =  -  / y„(u)F(u)du + / y. (u)F(u)du 
W J à W J 1 
(76) 
where F(u) is the driving function. F(u) can be represented 
in the general form as 
FC») - eAu (fmejmu + (77) 
where m is the ratio of the frequency of the driving term 
divided by one half the pump frequency. There will be a 
solution ym('7s) for every value of m considered and the total 
solution will be the sum of all the y (f)'s. Substituting 
equations 75 and 77 into 76 the result is 
y c2r+1=-j<2r+i+e>7 
r = -co 
T 
0(2r+l+3)+A]u(f ejmu+f*e-jmu)du 
^2r+le x"m" '"nf 
r = -00 
32 
~
T 
r j(2r+l+3)7 I r-j(2r+l+3)+A]n 
Czr+l^ / 2_ s 
p = - CD «-/ r = -CD r 
(VjmU+V-jmM>au] (78, 
After performing the integration equation 78 becomes 
..." • f 
r = -ao r = -co 
f Ë+j(2r+l+3+m0^ f*e [Â- j (m-2r-l-P Qr 
( _JS + ) 
A+j(m+2r+l+g) A-j(m-2r-l-3) 
eB+i(WQf f c ej2r/ ^ „ 
W ) 2r+l ) 2r+l 
r = -co r = -<o 
. [Â+J (m-2r-l-p S> V j (®+2r+l+p 
(f + — ) 
m A+j(m-2r-l-3) A-j(m+2r+l+3) (79) 
The solution can be transformed back in terms of 0 by 
letting 
- e" y^(f) (80) 
Equation 79 then becomes 
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- î 
<D 
I C2r+le -j2r7 
r = — C D  
CO 
I 
C2r+1 ^ 
r = -<29 
f _j(m+2r)r 
m 
A+j(m+2r+l+p) 
* _j(m-2r)7 
m 
A— j (m-2r-l-j3 ) 
CO 
I C e
j2r7
" Ve C 2r+l > 2r+l 
r = -A? r = -a? 
f j(m-2r)f f* -j(m+2r)/ 
m + V ) 
A+j(m-2r-l-|3) A-j (m+2r+l+J3 ) (81) 
It can be seen from the Appendix that W contains a 
p 
product . This product cancels out in equation 81 so 
that does not appear in the final solution. The magnitude 
of the remaining part of W will be denoted by w'. 
The total solution will be the sum of all the 0m's 
corresponding to the signal frequency u> , the difference 
frequency co - the sum or upper sideband frequency 
P s 
co + co , and all the higher order terms. The experimental 
P s 
amplifier, to be described later, was tuned to support the 
signal frequency and the difference frequency. The differ­
ence frequency is called the idler frequency. It can there­
fore be assumed that 0^(f) is essentially made up of two 
terms and 0^ where 0g corresponds to the signal frequency 
and 0. represents the idler term. 
The magnetic fields at the signal and idler frequencies 
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may be assumed to be of the form 
V' = Hmsln(mf 
Therefore let 
' - • f t - '  
fm = " 2J e~J^  (82) 
u>t 
Making this substitution and also the substitution that 7=—^ 
in equation 81 and simplifying saving only the terms corre­
sponding to the signal and idler frequencies the result is 
KHs 
^s^t) ~ W' |^COB(^t + ^ ) + Bcos(ùJ^t + g^)J 
KH. r- -j 
(t) = —r BcosOkJt + p. ) +CcosW t + ft) \ 
i  w  L s  1  1  1  J (83) 
To find the equivalent voltages at the signal and idler 
frequencies multiply equation 83 by and differentiate 
with respect to time to obtain 
\1^ s(t) " " ~~"» (L Asin(o£t+#) + *ZBsin(ti? t+^y) ~] W  I S  S  S  1  1  O  I 
KH.Xm r- -I 
Am01(t) = - —V |^Bsin(a/,t+/%) + ^ Csin^t+J# )J (84) 
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If it is assumed that there exist some equivalent 
current I due to the magnetic field caused by the external 
signal source then 
Hse ~ ksIse (85) 
where k depends on the signal structure of the parametric 
amplifier. Equation 84 can now be rewritten as 
k Kl i- -[ 
Vs(t)  = - -V (^Ise+ V hAsln (6£ t+4> +Bùi sln(l t+a 'J 
A/i™ = - s^Bsto(<vt+^) + C^sint^t+^lJ 
(86) 
where I ^  equals the equivalent current at the signal fre­
quency in the signal structure due to the idler and 1^ 
equals the equivalent current at the idler frequency in the 
idler structure due to the signal. The total current in the 
signal structure is then I + I . . The factor k. is the 
° se si l 
constant retating the idler field to an equivalent current 
in the idler structure. 
For the signal and idler structures tuned to resonance 
it can be assumed that there is no phase difference between 
the signal and idler. 
The second term of the first equation of equation 86 is 
36 
the voltage generating the equivalent idler current Iig. 
Therefore let 
V. = - —— B6/ TV 
W (8?) 
The equivalent current Ilg is equal to the voltage V^, 
divided by the equivalent impedance of the idler structure, 
For a tuned structure z^ can be assumed to be a pure resist­
ance B^. Therefore let 
I, = - ? 
W Bi (gg) 
The current I ^ is due to the voltage corresponding to 
the first term in the second equation of equation 86. A 
feedback voltage is thus generated at the signal frequency 
À?K 2 k  k  . u j uJ .  ?  
equal to t9 — B (I +1 ). If this voltage is divided 
W B1 e 
by the equivalent current in the signal structure an equiv­
alent negative resistance B is obtained which is 
B = i-s-Xv2"2 
to, j K k. k_B*"^ 
W \ (89) 
When the signal source is matched to the parametric 
E2 
amplifier the power input is g where E equals the voltage 
¥ B  S  
S 
37 
of the signal generator and Bg equals the resistance of the 
signal generator. The output current from the amplifier 
assuming the parametric amplifier is matched to the load is 
E 
I = 
[H +Et+B -R) g L s"^ (90) 
where BT equals the load resistance and B is the equivalent S  
resistance of the tuned signal structure of the parametric 
amplifier. The power out can be represented as 
CBg+BL+Bs-3 (91) 
The gain of the parametric amplifier can be calculated 
as 
Gain = = 
111 CHL+Eg+Es-B]2 (92, 
It can be seen that the threshold condition is when B = Bg 
as the gain is then equal to one. 
B. Solution by Use of an Equivalent Circuit 
The general equation of motion for the magnetic material 
can be written as 
+ skt) + (yahoos V, 4 (93) 
m 
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where the transverse field is represented by a constant times 
an equivalent current. Also the substitution 0 = ~ has 
m 
been made since 
= •» a V (94) 
for the small signal case. Equation 93 then can be written as 
C ft + I e + Z w/edt = 1T (95) 
where e has been substituted for A. This equation is a node 
voltage equation for a parallel LEG circuit. This repre­
sentation gives 
l-i 
C = 
Y2MVT 
R = 
a 
L = 
(96) 
Figure 3A is an equivalent circuit for the magnetic 
material with equivalent idler and signal circuits attached. 
The impedances z^ and zg are the total impedances of the 
idler and signal structures except for the part due directly 
to the magnetic material. 
The inductance L may be expanded in an infinite series. 
This has been done by Bead (21) and the result is 
Figure 3A. Equivalent circuit for the parametric 
amplifier using a parallel ELC representation 
for the magnetic material 
Figure 3B. A reduced equivalent circuit of the 
parametric amplifier 
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L A " 
L = -2-2 + Lq \ (-1) An cosn<V t 
n = 1 (97) 
where 
Y = HJL 
HK+HB 
L = ^£R 
0 
HK+HB 
An = 
VT7 [ *4^-] 
n 
1-Y L Y -1 (98) 
A plot of the first six values of A as a function of 
^ n 
the pumping parameter y is shown in Figure 4. From Figure 4 
it can be seen that, for small values of y, An is equal to 
y11. It should be emphasized that equation 97 is valid only 
for small angles of rotation of the magnetization vector. 
Equation 97 is therefore an equation of a time-varying 
inductor but as far as the signal structure is concerned it 
is a linear element. 
The non time-varying part of the inductance, capacitance, 
and resistance of the magnetic material can be considered a 
part of z^ and z . The circuit can now be represented as 
shown in Figure 3B. If the structure is resonated with the 
magnetic material present, the effects of the non time-varying 
part of the inductance and capacitance are tuned out and the 
Figure 4. The coefficient of inductance An as a 
function of the pump amplitude para­
meter Y (20, p. 31) 
INDUCTANCE COEFFICIENT AN 
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resistance is taken into account by the equivalent resistance 
of the tuned structure. 
The equivalent current due to the magnetic fields in 
the signal structure can be represented as 
^ 
= zm sln(%1t+Am) 
m = 1 (99) 
For a tuned structure it can be assumed that all fields are 
negligible in the signal structure except the field at the 
signal frequency. Equation 99 can then be written as 
ig = I sin(a/gt+^ ) (100) 
The flux linkage due to the film may be obtained by 
taking the product of L(t) and i . The time derivative of 
this product gives the voltage across the signal and idler 
structures due to the time-varying part of the inductance of 
the magnetic material. This voltage can be expressed as 
The parametric amplifier considered here is tuned to 
support the signal frequency u>s and the idler frequency 
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- ojs = <£ . Therefore it can be assumed that the field 
existing in the idler structure is due to the voltage at 
the difference frequency aZ . This voltage is 
LA., I at 
eL  = -  -2-j =os(^t -fi)  (102) 
The impedance of the idler structure can be represented as 
Zi = I Zi' ej6 (103) 
Referring to Figure 3B it can be seen that 
e. A,L I 
i. = - ~ = 1 0 s 1 cos (oj t - p - 9) 
1 1 21Z± | (104) 
The flux linkage due to the idler current can be found by 
taking the product of equation 104 and the time varying part 
of equation 97- The time derivative of this flux linkage 
creates a voltage which is impressed across the equivalent 
signal circuit. The voltage is 
d%. L2A-,A>. co , I f 
1  
-  
0 1 1  y (-1) A —p / (nw+6) )sin[ (naM-4. )t-f%-6] 
2 |Z. | i_ L P 1 p dt 
-i n = 1 
+ (n p^- i^)sinQ (n^-M )+^+e]j (105) 
The term of equation 105 at the signal frequency produces a 
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current in the signal circuit. This component of voltage 
due to the idler is 
L 2^<y.wl 
e , = - sin (w t-tf+6) 
s do,.  
This equation can be rewritten as 
e . = - sinftu» t +#>) 
'si U7* 1 s 
4Zi (107) 
When the idler structure is tuned to resonance the impedance 
* 
seen is pure resistive therefore z^ = z^ = R^. If egi is 
divided by the equivalent current of the signal structure 
an impedance term results which is an equivalent negative 
resistance -R. The value of this resistance is 
E _  wit 
—N. — — — 
4Bi (108) 
It can be seen that the expression for the negative resist­
ance is very similar to equation 89 of part A. The same 
expression for gain will be used as given in equation 92. 
4? 
IV. EXPERIMENTAL RESULTS 
A. Harmonic Generator 
Figure 5 shows a block diagram of the experimental 
model of the harmonic generator. For an input power above 
6 watts it was necessary to replace the variable attenuator 
with a 1300 mc circulator terminated in 50 ohms on one 
terminal and a double-stub tuner to control the output power. 
The harmonic generator is shown in Figure 6. The helm-
holtz coils were used to produce the dc bias field. The 
input power terminal is terminal A. The power is coupled 
into a resonant air line by a coupling loop. A short piece 
of stripline is attached to the center conductor of the 
resonant line and is grounded after going over the sample as 
shown in Figure 7- The stripline was about 75 mils wide and 
2.5 mils thick. 
The resonant air line with the magnetic sample in place 
and the dc bias applied was tuned to 1300 mc, the frequency 
of the incoming power. 
The output structure was similar to the input structure 
with the output stripline about 37.5 mils wide. The output 
structure was resonated at twice the input frequency. The 
output resonant line, besides supporting the second harmonic 
component of magnetic field, also helped filter out any power 
fed through at the input frequency. The high pass filter 
Figure 5. Block diagram of the second harmonic generator circuit 
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acted to further attenuate any output signal at the input 
frequency. The double-stub tuner acted as a band-pass filter 
and its purpose was to filter out any of the higher order 
harmonics present in the output signal. 
Both striplines were slit into fine strips where they 
crossed over the magnetic material. This was done to de­
crease eddy currents in the stripline and to decrease shield­
ing effects of the stripline. 
Figure 8 shows a graph of the output power as a function 
of the input power squared for a thin magnetic film harmonic 
generator. The film sample used was 1500 A0 thick and about 
150 mils in diameter deposited on a six mil thick glass 
substrate. Except at low input power levels the results 
substantiated those predicted theoretically, that is 
Pout = K Pin (109) 
The value of K was observed to be about 9x10"^. 
The experimental structure as shown in Figure 7 was 
found to be the most efficient. A two turn coil was sub­
stituted for the output stripline but it was necessary to 
space the turns about 10 mils apart and also to make the 
coil slightly rounding to raise its résonants frequency 
above the output frequency. The result was an apparent 
poorer coupling than for the stripline and the Q of the out­
put resonant line dropped from 60 to 30. The output was down 
Figure 8. Output power at the second harmonic versus the 
square of the input power for the harmonic 
generator using magnetic thin films 
2 
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20 db more than the results in Figure 8. 
When a YIG disk 5 mils thick and 150 mils in diameter 
was substituted for the thin magnetic film the resulting 
output was down about 8 db further than the equivalent output 
for the thin magnetic film. The graph of the output power 
versus the square of the input power was linear as for the 
thin magnetic film but the slope was slightly less. 
The value of bias field for optimum output for the thin 
magnetic film was about 19 oersteds. Using equation 28 this 
bias corresponds to a resonant frequency of about 1300 mc. 
The optimum bias for the YIG disk was about 90 oersteds which 
also corresponded to a resonant frequency of 1300 mc. The 
h, 
values of M used in the calculations was M = 10 gauss for 
the thin magnetic film and M = 1750 gauss for the YIG disk. 
The values of were measured to be about 2.75 oersteds for 
the thin magnetic film and 40 oersteds for the YIG disk. 
Heating effects were also observed at the higher power 
levels for both the thin magnetic film and the YIG disk. If 
the power was left on for any length of time a decrease was 
observed in the output power. The magnetic thin film showed 
a greater change than the YIG disk and permanent damage 
resulted to the magnetic thin film when the power was left 
on for about 5 minutes at an input power level of 10 watts. 
No attempt was made to cool the magnetic material. 
58 
B. Parametric Amplifier 
Figure 9 is a block diagram of the experimental circuit 
for the parametric amplifier. The pump power was controlled 
by the variable attenuator. When pump power above 6 watts 
was desired it was necessary to replace the variable atten­
uator with a circulator and a double-stub tuner as was done 
in the harmonic generator experiment. 
The signal power at 400 mc was supplied by a HP Model 
608C signal generator. The 5°0 mc low pass filter acted to 
block all frequencies except the signal frequency. 
1. YIG parametric amplifier 
The experimental structure for the parametric amplifier 
using a thin YIG disk is that shown in Figure 6 except the 
pump power was supplied at terminal A. The stripline in 
the pump structure was 150 mils wide and 6 mils thick. The 
purpose of the heavier stripline was to create a better 
heat sink for the YIG disk. The stripline was slit into 
thin strips to cut down eddy current losses and to allow the 
magnetic fields to penetrate. The pump structure was tuned 
to resonate at 1]00 mc. 
The signal power was supplied at terminal B. The strip-
line of the signal structure was replaced by 4 turns of No. 22 
wire. This change was made to improve the coupling to the 
magnetic material although the resulting reduction in the Q 
Figure 9. Block diagram of the parametric amplifier circuit 
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of the structure almost offset the gain In coupling. The 
signal structure was tuned to resonate at both 400 and 900 
mc to support the signal and also the idler. 
The YIG disk was oriented such that its easy axis was 
parallel to the bias and pump fields. The signal field was 
therefore applied perpendicular to the easy axis of magnet­
ization. 
The bias field was supplied to the magnetic material by 
helmholtz coils as shown in Figure 6. Theoretical analysis 
indicates that biasing for resonance at the signal frequency 
gives maximum output. It was not possible to resonate the 
YIG disk at 400 mc as the natural resonant frequency due to 
the anisotropy field was about 75° mc. 
The parametric amplifier was analyzed for two different 
bias fields. At a value of bias of 7200 ampere turns per 
meter a slight increased in output over neighboring values 
of bias was observed. This bias corresponds to resonance at 
pump frequency. An optimum value of pump power for this 
value of bias was about 1.5 watts. This power corresponds 
to a pump field of approximately 1088 ampere turns per meter. 
Increasing the pump power caused the output first to decrease 
slightly and then to remain constant. Figure 10 shows a plot 
of the input signal power versus the output signal power. 
The input signal power recorded is that measured when the 
amplifier was replaced by a short. The gain for this value 
Figure 10. Power out versus power in for the YIG 
parametric amplifier "biased at pump 
resonance 
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of bias was about 1 db. 
For the signal power available no saturation effects 
were observed. 
The Q of the signal structure was measured to be about 
30 and the idler Q also was about 30. The effective loaded 
Q, of the pump structure was about 50. The effective band­
width was observed to be about 2 mc. 
To calculate gain by use of the Mathieu equation the 
following constants were computed as 
a = 4.25 
q = 0.223 
K = 4.1 x 10~4 
A = 0.03775 
The Mathieu equation becomes 
y + (4.25 - 0.446cos27)y = 4.1 x 10~^hye+0•°3775f (no) 
For these values of a and q it can be seen from Figure 2 
that the solutions lie in the stable region between a^ and 
by 
It is observed that ^  » 1 and q is quite small. There­
fore, according to McLachlan (15), 3 will be approximately 
equal to Va - m where m is the integral part of the square 
root of a. g is found to be equal approximately to 0.06. 
This value of 3 was used as a first approximation and was 
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checked in the recurrence relation. In the recurrence 
relation the values of C ^ and C.^ were neglected with 
respect to C ^ and respectively. Using these approxi­
mations it was possible to obtain all the C2r+l's in *erms 
of C^. For a value of r = 0 the value of 3 was checked and 
found to give fair agreement considering slide rule accuracy. 
The values of the C^r+l's r^om r = -5 to +4 were cal­
culated and y^(T) was found to be 
= 
C1 [5.75X10-10 e-j8'94r-l.953x10-7 e-j6.94f 
+ 3.85xl0"5 e-j2'947+ 6.6xl0-2e-j0-9','f 
+ -,.51x10-^^5.06< 
- 2.235xl0"6eJ7-06',+ 6.1xlO_9e39'o6'r^ | (111) 
The value of yg(f) was obtained by letting f = - fin y1 {T). 
Only the terms from r = -2 to r = 2 were considered and 
these values of C^r+l'8 were substituted into equation 81. 
The value of A was much less than unity and was neglected 
in reducing equation 81. The magnitude of W was found to 
be 2.12. 
The resulting equation in ) is 
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v = -Vm < "irîf* » [2-6? 
v 0.1033 Bin /(m-2)r + ^  ] (i12, 
The values of m corresponding to the signal and the idler 
frequencies were substituted into equation 112. The equa­
tions were then converted to equations in time and differ­
entiated with respect to time and multiplied by The 
resulting equations are 
, - Xk I (iKlxlO"4) r-
Vs = -  2 - 1 2  L2-8 5  o o s^ t  +  
+ 0.1033<^os( i^t + s^) 
% k,1.(4.1x10"^) r 
Vi = - 2-12 [_ 0.1033*; oos( s^t + ft) 
+ 2.67 Co>1 COsC^t + J (113) 
The value of the equivalent negative resistance was 
then calculated using equation 89.  The values of kg and k^ 
3 
were estimated to be approximately 10 . The coupling 
between the YIG disk and the signal coil was estimated to 
be approximately 1/2. This small value was due to the loose 
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fitting of the coil about the YIG disk made necessary in 
order to slide the YIG disk and pump stripline in and out. 
The value of ^  was then calculated to be approximately 
1.355xlO""''7 webers per second. 
The value of Rg and IL were calculated using a method 
given by Ramo and Whinnery (19) concerning resonant lines. 
The value of a particular R^ is given as 
R _ Lm% 
m " (114) 
where is the quality factor of the resonant line at a 
frequency corresponding to u) . Lm for a resonant air line 
is given as 
T - IK 
m 2 (115) 
where 1 is the length of the resonant line and L is the 
inductance per unit length down the line. For an air line 
L " 2rr ln ri (116) 
where r_ equals the inside radius of the outside conductor 
and r^ equals the outside radius of the inside conductor. 
The values of Q and were measured to be both equal 
to 30. The values of Ri and Rg were calculated to both be 
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2.51 ohms. The value of the negative resistance was found 
to be about 41.5 ohms. The gain was calculated to be 2.68 
or in db to be 4.28 db. 
The value of gain was also calculated using the equiv­
alent circuit method. The ratio of H to Hn + H„ was about P O IX 
0.1. From Figure 4 it can be seen that is equal to y. 
The negative resistance was calculated to be 2.68 ohms. The 
value of gain was found to be approximately unity. 
For the other recorded data the value of the bias field 
was increased to about 16,000 ampere turns per meter. One 
result was an increase in the idler Q from 30 to 40. The 
value of signal and pump Q remained essentially the same. 
Also increasing the bias made it possible to utilize more 
pump power. In fact, the pump power was increased up to 
12 watts and the output was still going up slightly. A graph 
of the output power as a function of the input signal power 
is shown in Figure 11. The gain was fairly constant for the 
values of signal power considered here and was equal to about 
1.2 db. 
The value of the pump field corresponding to an input 
pump power of 12 watts was about 3345 ampere turns per meter. 
The Mathieu equation for these values of pump and bias fields 
is 
•• _L A'T 
y + (7.85 - 1.37 cos2f)y = Khye (117) 
Figure 11. Power out versus power in for the YIG parametric 
amplifier with 7200 ampere turns per meter bias 
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The solutions to equation 117 were found to lie in the 
same stable region as for the case just considered. The 
values of & and the ^r+l' ^ were found the same way except 
it required several adjustments to arrive at a suitable 
value of 3. A value of 3= 0.79& was selected. The values 
of the ^r+l'15 were calculated using the recurrence relation­
ship of equation 73« The value of y^(f) obtained is 
y^f) = C, [:2.95xl0-7e-i8'204f+ a^xlO^e^^ 
- 1.145x10™3e"j4l204/+ 1.64xl0"2e"j2-204ir 
+ 8.92xl0-2e-j0.204f+ 796^0,^^'^ 
+ 2.79xl0"3e^,796^ -3.6l2xl0"^e 7^*796f" 
+ 2.808xl0"7e"39'796'r~l 
J (118) 
Yg(f) was set equal to y^(-f). y^(f) and Yg(f) were 
substituted into equation 81. Only the values of ^r+l*s 
corresponding to r = -2 to r = 1 were considered in the 
calculations. The same procedure was followed as outlined 
in the previous case with the result 
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KH % r 
A0 (t) = - —â-S 1.2755 % cos(ft>t + &) 
m s 3.674 L s s s 
+ 0.2133*4 cosC^t + ^ g) J 
KH A r 
V ft) = - —2^2! 0.2133 cos(^t + p) 
M S o (COLI, L SSI3.674 
+ 2.136^ cos^t + ^) J (119) 
The resulting value of negative resistance was R = 77.2 ohms. 
The corresponding gain was 16.35 or 12 db. 
For the equivalent circuit model the value of over 
Hfi + Hg was again small so that A^ = y. Except for the pump 
and bias fields and R^ the other values were the same as in 
the previous case. The value of idler resistance R^ was 
calculated to be 1.91 ohms. The negative resistance was 
equal to about 2.81 ohms. The corresponding gain was found 
to be 1.02 or 0.2 db. 
2. Magnetic thin film parametric amplifier 
The parametric amplifier structure is shown in Figure 12. 
A 2000 A0 thick film pair about .8 cm long and about 0.1 cm 
wide is sandwiched on a 2.5 mil thick stripline. The easy 
axis of the film is perpendicular to the long dimension of 
Figure 12. Magnetic thin film parametric amplifier 
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the film. Ten turns of No. 28 wire was wrapped tightly 
about the film pair and the whole arrangement was set in 
epoxy. The one end of the stripline was fastened to the 
diagonal shorting plane between the pump and signal lines 
while the other end was connected to the center line of the 
pump resonant line. 
The bias arrangement was connected as shown in Figure 
12. A shielded choke coil and a capacitor were connected 
to the bias line where it left the pump resonant line to 
prevent loss of pump power. The coil shield, made of Mu 
metal, helped prevent the dc field in the choke coil from 
influencing the film pair. One end of the signal coil was 
connected through a hole in the shorting plane to the center 
conductor of the signal resonant line. The other end of the 
coil was attached to the shorting plane. 
The amplifier was tuned to operate in the degenerate 
mode, that is, the pump frequency was equal to twice the 
signal frequency. The idler and signal frequencies are then 
the same. The pump frequency was 800 mc and the pump line 
was tuned to resonate at this value of frequency. The 
signal line was tuned to resonate at 400 mc. 
The energy was coupled to the resonant lines by means 
of coupling loops as described in the harmonic generator. 
The effective Q of the pump resonant line was about 15 
while the Q. of the signal line was about 30. The optimum 
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value of pump power was about 1 watt which corresponded to 
a pump field of about 1060 ampere turns per meter. Heating 
effects were observed at higher values of pump power. 
The film pair was biased at about 875 ampere turns per 
meter. This bias corresponded to about the optimum value. 
At lower values of bias the pump field exceeded the bias 
plus anisotropy field. The result was a large loss of power 
in the amplifier. The value of bias plus anisotropy field 
was about 1075 ampere turns per meter which is about the 
same as the pump field. 
The graph of the output power as a function of the input 
power is shown in Figure 13. The gain was essentially unity 
over the range of signal power considered. The difference 
between signal power out with pump on and then with pump off 
was about .5 db and this difference was also about constant 
over the range of signal power considered. 
The Mathieu equation corresponding to the magnetic thin 
film parametric amplifier is 
y + (6 .34  -  6 .52  cos2f )y = Khy(f)e°'525^" (120) 
The value of q is larger than unity and the ratio of a to q 
is not »1. To obtain a solution by this method it would be 
necessary to include in y^(7") at least about 11 terms as the 
values of the c2r+l'S do n0t decrease rapidly as r is made 
Figure 13. Power out versus power in for the magnetic 
thin film parametric amplifier 
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large either positive or negative. In substituting into 
equation 81 there is over 400 terms possible making manual 
calculation of a solution impractical. 
The ratio of to Hg + was essentially unity. The 
corresponding y is then 1 making the value of infinite. 
The equivalent circuit method is no longer valid. 
To obtain an analytic solution the Cyclone Computer 
was programmed to solve the general equation of motion for 
the magnetic thin film parametric amplifier by using a Eunga 
Cutta method of solution. The equation of motion was written 
as 
0(x) + Q.0(x) + (b + d cos 2x)0(x) = sin(x + p) (121) 
where x = —. The solutions for 0 and 0 are shown plotted 
in Figure 14. Solutions were obtained for^ 0, ^  
and The values of 0 and 0 were not significantly dif­
ferent but the largest values were observed when p = 0 
and A Fourier series analysis was then obtained for 0 
through the use of the Cyclone Computer. The results are 
for 
0(x) = 0.19274 cosx - 0.0031 sinx + 0.2351 cos 3x 
- 0.3704 sin3x + 0.0901 cos5x - 0.1200 sin5x +•••+ 
(122) 
Figure 14. Plot of 0 and. 0 from the solution by the Cyclone 
Computer of the equation of motion for the 
magnetic thin film parametric amplifier 
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for fi= 0 
0(x) = 0.2031 cosx + 0 .0695  sinx + 0.4123 cos3x 
-0.3704 sin3x + 0.0901 cos5x - 0.1200 sin5x + •••+ (123) 
To relate 0(x) back to the actual problem it is 
necessary to convert from x to avt and also to multiply 
by the coefficient of the driving function. All terms 
except the one at were neglected due to the signal 
structure being tuned to a/ and also the signal structure 
was not resonant at 2a/ or higher multiples. The next 
higher resonant frequency was found to be at about 900 mc. 
For P- jr-j the solution becomes 
AJ(t) = Kk A I 0.1927 sin^t (124) ill b 111 b b b 
The value of kg was calculated to be approximately 
2000. Am was calculated using a coupling factor of 0.8 
and was found equal approximately to 3x10"^ webers per 
second. K was equal to 6.155x10"^. The equivalent 
negative resistance was found to be about 18 ohms. The 
effective resistance of the signal structure was calculated 
to be 2.51 ohms. The gain was found to be equal to 1.4 or 
1.46 db. 
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V. ANALYSIS AND CONCLUSIONS 
The main purpose of the harmonic generator experiment 
was to make a comparison of the harmonic generating ability 
of a thin magnetic film and a thin YIG disk. The use of 
harmonic generators in this frequency range is not as great 
as at higher frequencies where other types of power sources 
are not readily available. 
For the frequencies considered here the magnetic thin 
film out-performed the YIG disk. One reason that the YIG 
disk had a poorer output could be that energy was lost from 
the uniform precession into spin waves. There are two types 
of coupling of energy to spin waves. The loss of energy can 
be caused by the onset of an instability in the motion of 
the magnetic vector which couples energy exponentially to 
the spin waves of one-half the resonant frequency. This flood 
of energy out of the uniform motion prevents the precession 
angle from increasing and brings about the early onset of the 
decline of the permeability at resonance. There is usually 
a threshold for this type of coupling but no threshold was 
observed in any of the experimental data. 
Energy loss can also be caused by irregularities which 
can couple energy from the uniform mode of precession to spin 
waves of the same frequency and there is no threshold for 
this process as energy exchange can take place at all levels 
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of driving field intensity. 
The YIG disk was cracked in the process of placing in 
the device and also the edges of the disk were sharp. These 
are two common types of irregularities. The surface of the 
YIG disk was highly polished so surface irregularities should 
not have entered in to any extent. Both types of coupling 
could be present at higher power levels with the coupling 
loss due to irregularities masking the threshold for the 
instability. 
It was shown by Suhl (25) that when the coupling to spin 
waves is even as large as 10 percent compared with the direct 
transfer of energy to the lattice, there is a definite ab­
sence of a sharp critical point. There was no sharp reso­
nance point observed in the YIG disk. 
A phenomenon which could cause a lower output for the 
thin magnetic film is skin depth. The conductivity of thin 
magnetic films is roughly one tenth that of copper. The 
relative permeability of thin magnetic films is about 740. 
Using these values the skin depth for a frequency of 1300 mc 
is approximately 2200 A°. In actual reality this is not the 
case as the exchange forces in the thin magnetic film have 
the effect of decreasing the relative permeability at these 
frequencies. Skin depth is a definite problem though and 
will be a larger factor as the frequency is increased. 
The YIG disk has an extremely high resistivity and 
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therefore skin depth is not a problem. 
There is another problem with the YIG disk that is not 
found in the magnetic thin film and that is that when the 
YIG disk is biased to resonance at the frequencies considered 
in this dissertation, the disk may not be completely mag­
netized into a single domain. Losses then occur through 
domain wall motion and are known as low field losses.(12). 
The demagnetizing factor due to the geometry of the disk 
should help minimize this effect. 
Eddy currents in the stripline at the sample and shield­
ing effects of the stripline are also sources of energy loss. 
The striplines were slit longitudinally into narrow strips 
to help minimize these effects. 
The greatest improvement in output for both the harmonic 
generators and parametric amplifiers would result if the Q's 
of the resonant structures and the coupling between the mag­
netic material and the resonant structures were improved. At 
these frequencies cavity type resonators are fairly large and 
the resulting ratio of the volume of the magnetic material to 
the volume of the cavity is very small. This results in 
essentially a poor coupling between the magnetic material and 
the resonant structure. 
To keep the resonant frequency of a coil of wire above 
the frequencies considered, it was necessary to limit the 
coil to about 2-4 turns and to space the turns at a small 
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distance apart. The coils generally resulted in the lowering 
of the Q of the resonant structure that it was connected to. 
Therefore very little improvement was realized from substi­
tuting a coil of wire for the short piece of stripline. In 
the harmonic generator the output was greater using the strip-
line. 
The general equation of motion developed here for the 
parametric amplifier assumes no rotation of the magnetization 
out of the plane of the material and also assumes that the 
value of the magnetization vector is constant. For the rela­
tively small values of bias used in the YIG parametric 
amplifier and for the situation in the thin magnetic film 
amplifier where the ratio of to Hg + is essentially 
unity, the general equation of motion developed here is only 
an approximation. The equation of motion also does not take 
directly into consideration the loss of energy to spin waves. 
The fact that the parametric amplifier consisted of 
tuned structures was also not taken directly into considera­
tion. The terms at frequencies other than those supported by 
the parametric amplifier were assumed negligible and were not 
considered in the driving function and were discarded in the 
solution. Other methods of representing the parametric 
amplifier have their disadvantages also. Certain simplifying 
assumptions must be made and the solutions have certain 
factors that are not readily measured experimentally. The 
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equation of motion as developed here has an advantage in 
that it is relatively simple. 
The equivalent circuit is a low frequency model but can 
be used at high frequencies if the relationship between the 
magnetic fields and the equivalent currents can be estab­
lished. The structures were assumed to be tuned so for these 
frequencies the lump parameter equivalent circuit consisted 
only of an equivalent resistance. It was assumed that the 
equivalent reactance component of any structure to a current 
at a frequency other than the resonant frequency was very 
large and blocked the current from flowing. 
The coupling factor between the input power and the 
field seen by the magnetic material and the coupling factor 
between the field generated in the magnetic material and that 
available at the output terminals were only calculated 
approximately. 
The value of the phenomenological damping constant a 
used in the calculations of the thin magnetic film amplifier 
was the value measured at low frequencies. Considering these 
facts the analytical results did compare quite satisfactorily 
with the measured results. 
The frequencies considered here seemed to be in a mid-
ground region. The frequencies are too high to make effi­
cient use of coupling coils and too low to make practical 
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use of resonant cavities. The frequencies are too high 
for the magnetic thin film to operate efficiently and too 
low for the YIG disk to give good results. 
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VIII. APPENDIX 
If there exists an equation of the form 
y(x) + a(x) y(x) = f(x) (1) 
then the homogeneous solution is of the form 
y(x) = Ay1(x) + By g(x) (2) 
A particular solution can be attempted of the form 
y(x) = v1(x) y1(x) + v2(x) y2(x) (3) 
y(x) then can be written as 
y (x) = v1 (x)y^(x) + v2(x)y'2(x) + v^(x)y1(x) ^ 
+ Vgfxjygfx) 
The solution will be simplified if v-^(x) and Vg(x) are 
chosen such that 
v^(x)y1(x) + v 2(x)y 2(x) = 0 (5) 
then 
y (x) = v., (x)y' (x) + v9(x)y'(x) (6) 
and 
y"(x) = v1(x)y^(x) I- v2(x)y^(x) + v1(x)y|(x) 
+ Vgfxjygfx) (7) 
Substituting equations 3 and 7 in 1 results in 
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v, (x)y"(x) + v„(x)y"(x) + v'(x)y'(x) + v'(x)y'(x) 
+ a(xv,(x)y, (x) + a(x)v9(x)y (x)= f(x) (8) 
Equation 8 becomes on rearranging 
v1(x) (y^(x) + a(x)y1(x)) + v2(x) (yg(x) + a(x)y2(x)) 
+ v^(x)y|(x) + v2(x)y2(x) = f(x) (9) 
but y^(x) and y2(x) are solutions of the homogeneous 
equation 
y"(x) + a(x)y(x) = 0 (10) 
therefore 
v^(x)y^(x) + v2(x)y2(x) = f(x) (11) 
Equations 5 and 11 can be solved for v^(x) and v'(x) 
resulting in 
v1(x) = 
0 y2(x) 
f(x) y2(x) 
W 
v2(x) = 
yx(x) 
y'(x) f(x) 
W (12) 
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where 
W = 
y-i (x) y0(x) 
y1(x) y2(x) 
= y1(x)y2(x) - y2(x)y^(x) 
(13) 
is the Wronskian and is ^ 0 since y^(x) and y2(x) are 
linearly independent solutions of y"(x) + a(x)y(x) = 0. 
y(x) can then be represented as 
cy?(u) 
y(x) = y1(x) J —^ F(u) du + y2(x) Yi (u) W -F(u) du 
Since both y^(x) and y2(x) satisfy equation 10 then 
(14) 
yj(x) y2(x) 
y^TxT = y^TxT = " a 
(15) 
Equation 15 can be integrated by parts by letting 
u = y2(x) 
dv = s (y^(x)) (16) 
then equation 15 becomes 
y2(x)y1(x) - y|(x)y2(x)dx - y^(x)y2(x) + y2(x)y^(x)dx 
= a constant (17) 
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Therefore W equals a constant and can be pulled outside 
the integral sign and equation 14 becomes 
y-, (x) r y9(x) r 
y(x) = - — J F(u)y2(u)du + J F(u)y1(u)du (18) 
